SOLUTION EXERCISE SHEET 5

Exercise 1. We begin by observing the following formulas for the functions sin, cos, cosh
and sinh, which follow directly through the definition. For every z € C we have that

cos(z) = #,

sin(z) = %,
cosh(z) = < —|—26_Z’
sinh(z) = & ;e_z

Then we have the following simple computations, which prove the formulas (a)-(g).

(a) Let z,w € C we have

elZ _ e—ZZ ezw + e—zw

‘ ‘ 7 4 emi7 gl _ pmiw
sin(z) cos(w) + cos(z) sin(w) = 5; 5 5 5;
ei(z—i—w) _ e—i(z-{—w) 4 etr—iw _ o—iztiw ei(z—f—w) _ e—i(z—‘rw) — eirmiw 4 il
N 4i " 4i
ei(z—i—w) _ e—i(z-l—w) '
= 5 = sin(z + w).

(b) Let z,w € C we have

1z —12 W —jw ir iz iw —iw
cos(z) cos(w) — sin(z) sin(w) = =0 £ *° e — e~ v _ ¢

2 2 2 2
ei(z—i—w) 4 e—i(z-l—w) 4 etz —iw + etz tiw ei(z—i—w) + e—i(z—i—w) _ plr—iw _ p—iztiw
= +
4 4
ei(z—i—w) 4 e—i(z-l—w)
= 5 = cos(z + w).

(c) The prove is almost the same than in (a).
(d) The prove is almost the same than in (b).
(e) Let z € C we have
cos(z) + isin(z) = c —1_26 +iS _2,6 = exp(iz).
i
In case of z € R this is known as Euler’s formula.
1




2 SOLUTION EXERCISE SHEET 5

(f) Let z € C we have

eiz _ efiz 2 eiz + efiz 2
sin(z)2 + COS(Z)2 = (2—) + (T)
]

2z 2 + €—i2z ei22 + 2 + e—i2z
= + =1.

(g) Let z € C we have

e + e ? 2 e — e~ % 2
cosh(z)” — sinh(z)? = (_) - (_)
2 2
e €2Z

Exercise 2. In this exercise we need to use properties of the n-th roots of unity.
First we observe the following in the simple situations of £k = 1, 2, 3, 4.

(a) If k =1, then by definition for any z € C

Y2 = exp(z)
—~ n!

(b) If k = 2 we get by evaluating the exponential in z and —z for some fixed z € C
that
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n=0
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2*" exp(z) + exp(—2)
(2n)! 2

= cosh(z).
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(c) If k = 3, then we try to generalize that we did above. Observe that 1 and —1
are the two 2 roots of unity. Let & := exp(%”) which is the 3 roots of unity
with the smallest positive angle. The two other ones are £Y = 1 and & = £2.
Observe that 1 4+ &" + &) = 0 for m = 1,2. We get for any 2z € C fixed, by
evaluating the exponential in z, & -z and & - z that

51 52 Z
+ —|—
S Sy ey e

:325“1*5““52) > Z—T+(1+€f+f§> 2 %

ne3N ne3N+1 ne3N+2

. 3 2, 3 exp(z) + exp(&; - 2) + exp(& - 2)
=3 — — :

PR :

(d) If £ = 4, then the situation is very similar to k = 3. The four 4 roots of unity
are 1,& =14, = —1,§ = —i. We have again that 1 + & + &' + &5 = 0 for
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m =1,2,3 and we get for z € C fixed that

2" 52 53 z)"
PREANY Pl i Z -+ Z
n=0 n=0

3 /3 o
(e s g)

m=0 \j=0 nedN+m
4 2" 2, M _exp(z) + exp(i- 2) + exp(—z) + exp(—iz)
! (4n)! 4
n€4N n=0

= sinh(z) cos(z),

where &y = 1.
In order to derive a general formula we observe that if £ € C\ {1} is a non trivial
n-th root of unity, then we have that "~ 10 &M === =0. Further, if £ := exp(zm)
then all roots are given by &, = exp(¥) = ™ for m = 0,...,n — 1. This shows

that ¢, = ¢™* for any m,¢ = 0,...,n — 1. Therefor, for k € N* and 2z € C we get
that

Exercise 3. Clearly the radius of convergence is 1 as we have that Y oo [z <
> o]z < o0 if |2] < 1 and the sum equals +oo for z = 1. Next we show that if
a € Q, then | f(re*™)| — +o0o0 when r — 1, where f(z) := Yo7, 2. This is stronger
than just being unbounded.

In order to prove that we observe that as a € Q there exits p, g relatively prime such
that a = § and that for n > ¢ we have that ¢|n!. Thus we have that a - n! € Z for
any n > q. We get for r € (0,1) that

o9 )
| in! | in! !
27rza E Tn.627rzn.a — Tn.627rzn.a + § o

n=0 n

Next we observe that there exist M > 0 such that |Zq 0" 627”"'0‘| < M for all
r € [0,1] and therefore
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2mic - n! 27rzn'a T_>1
[fre™ ) > > | - Z >Z 2L .
n=q n=0

This proves the claim.
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